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Abstract

This paper explores the effect of disaster risk on the beliefs and portfolio choices of ambiguity-
averse agents. With the introduction of Cressie-Read discrepancies, a time-varying pessimism state
variable arises endogenously, generating time-varying disaster risk. In the event of a disaster, agents
heighten their pessimism, anticipating subsequent disasters to arrive sooner. Within this framework,
we deduce optimal consumption and portfolio choices that are robust to model misspecification. Ad-
ditionally, our measure of pessimism aids in understanding the stylized facts derived from Vanguard’s

retail investor survey data, as reported in Giglio et al., 2021,



The seminal work of Hansen and Sargent posits that economic agents, averse to uncertainty, seek robustness
by considering a family of models constructed around a benchmark model and optimizing against the
worst case within this family. Their approach to robustness uses relative entropy, also known as Kullback-
Leibler entropy, to measure the discrepancy between models. This led to a worst-case model for the
decision-maker, representing endogenously distorted pessimistic beliefs. Building on this foundation,
Maenhout et al., 2021| replace relative entropy with the Cressie and Read, |1984 family of divergences,
creating a discrepancy measure that preserves recursivity and homotheticity. This adjustment allows for
the emergence of time-varying beliefs in the economy, a phenomenon also uncovered in empirical data.
They explore the implications for portfolio choice and asset prices, particularly under continuous asset
price movement. In our paper, we further this analysis by incorporating disaster risk and examining the
impact of negative jumps in asset prices on ambiguity-averse agents’ beliefs and portfolio choices. Our
work connects to the literature on time-varying disaster probability, such as studies by Drechsler, 2013 and
Wachter, 2013, With the introduction of Cressie-Read discrepancies, our model endogenously generates a
time-varying pessimism state variable, leading to time-varying disaster risk, which is negatively related to
expected return. This aligns with salient features observed in retail investors’ survey data as documented
by Giglio et al., 2021.

We summarize our main contributions as follows. We first carefully construct a generalization of
Hansen and Sargent’s robustness to incorporate disaster into asset prices. Relative entropy is nested as
a special case when the Cressie-Read parameter tends to unity. Following Maenhout et al., 2021} agents
consider Cressie-Read divergence as a penalty or cost function when minimizing distorted expected utility,
comprising an expected integral of suitably scaled and appropriately weighted discounted divergence
measures. This approach yields state-dependent belief distortion, except when 1 = 1, i.e., in the special
case of entropy. The parameter 7 governs the desire for intertemporal smoothness of belief distortions. We
show that for 7 < 1, the agent’s subjective beliefs are procyclical and become more pessimistic following
adisaster. Conversely, 7 > 1 leads to countercyclical subjective beliefs. Consequently, subjective disaster
risk also varies in response to economic shocks: when 7 < 1, it surges after negative jumps and decreases
following positive shocks, while the opposite effect occurs for > 1.

Second, to further elucidate the underlying mechanisms, we examine a simplified two-stage model
where the belief distortion state variable is fixed at the start of each stage. Solving backward, we find
that in the second stage, the Cressie-Read investor’s beliefs depend only on the fixed state variable set

before the second stage. When 7 is less than one, negative jumps result in a more pessimistic expected



return, and when 7 exceeds one, a more optimistic expected return ensues. In the first stage, the investor
anticipates the fact that future utility will depend on the future state of the economy. This anticipation
leads to an endogenous hedging demand against future random market conditions and associated belief
change. Using this intuition, we then illustrate the consequences of these rich dynamics in a simple
partial equilibrium portfolio problem; more specifically, we show that generalized robustness produces
intertemporal hedging and, therefore, state- and horizon-dependent portfolios, as well as state- and time-
dependent subjective disaster risk. This contrasts with the time-varying disaster literature, where disaster
probability is a mean-reverting process, independent of market state. Intuitively, because of time-varying
sentiment, disaster belief and investment opportunities are perceived by the investor as time-varying,
especially after the disaster happened. This contrasts with the entropy case, where disaster risk and
investment opportunities are seen as constant.

Third, we examine the dynamics of pessimism in the simulation. To this end, we reference Giglio et al.,
2021}, who documented that “higher subjective probabilities of stock market disasters are associated with
lower expected stock market returns” in partial equilibrium. When a disaster occurs, the agent becomes
more pessimistic, believing that further disasters will soon follow. To test this hypothesis, we estimate
the empirical sensitivity of investors’ portfolio holding in perceived future disaster risk. Consistent
with our theory, we find strong evidence for a negative correlation between subjective probabilities of
market disasters and expected returns: disaster probability typically decreases over time but spikes sharply
following disasters, reflecting increased pessimism, and decreased expected returns. Furthermore, Monte
Carlo simulation reveals that an endogenous time-varying state variable leads to a heavy-tailed distribution

of optimal portfolio weight and expected return under subjective belief.

Related Literature

We contribute to several strands of the literature. Our paper builds on the robust control literature
such as the works of Hansen and Sargent, 2001, Anderson et al., 2003, and Maenhout, 2004, which
imposes an entropy penalty. Maenhout et al., 2021| consider extensions of entropy-based robustness
in portfolio choice, demonstrating that robustness with a Cressie-Read penalty produces time-varying
beliefs and risk aversion, leading to state- and horizon-dependent portfolios. Our work extends theirs by
incorporating disaster risk and generating time-varying risk probability for values of  # 1. Moreover,
our model calibration reveals that time-varying pessimism induces a negative correlation between disaster
probability and expected return, as shown in survey data.

A large literature in asset pricing studies time-varying disaster risk. For example, Wachter, 2013
demonstrates that time variation in the probability of a consumption disaster drives high stock market

volatility and excess return predictability. Drechsler, 2013|constructs an equilibrium model, illustrating



that fundamentals and model uncertainty, particularly jump shocks, may explain option prices and the
variance premium in both studies, the time-variation in disasters is modeled as an exogenous process:
a mean-reverting process in Wachter, 2013 and an autoregressive process in Drechsler, |2013. Different
from existing literature, our research illustrates that time-varying disaster risk is endogenous, driven by
stochastic sentiment, with the introduction of Cressie-Read discrepancies.

Another related strand of the literature examines the model misspecification concern of jump risk.
Liu et al., 2005| explain the skew in index option implied volatilities in equilibrium using investors’
uncertainty about rare events, assuming a constant disaster probability and focusing on equilibrium equity
prices. Concentrating on the portfolio choice problem,Ait-Sahalia and Matthys, 2019 derive robust
consumption and portfolio policies of an investor with recursive preferences, in a model with one risky
asset following a Lévy jump-diffusion process. Similarly, Jin et al., 202 1|investigate portfolio construction
in a multi-asset market setting, considering tail risk and jump ambiguity. While both Ait-Sahalia and
Matthys, 2019/and Jin et al., 202 1|employ a constant disaster probability, our paper contrasts this approach
by introducing subjective time-varying jump risk that arises endogenously, even under a constant jump
intensity.

We also contribute to the empirical literature examining investor crash beliefs through survey data. For
example, Goetzmann et al., 2016|use survey data to explore the magnitude of crash probabilities reported
by individual and institutional investors, finding that individuals’ assessment of future crash probability
increases following a negative market return. Giglio et al.,[2021] further document a negative correlation
between subjective probabilities of stock market disasters and expected stock market returns, based on
Vanguard’s retail investors’ survey data. Our research extends the literature by providing a mechanism
that explains the observed patterns in expected return and subjective disaster risk, as outlined by Giglio
et al., 2021l

Outline of the Paper

The rest of the paper is organized as follows. Section 1 provides the theoretical framework and studies the
robust utility in the context of jump risks. Section 2 examines the dynamic portfolio problem. Section
3 presents the quantitative implications of our model for portfolio choices, linking these findings with

empirical results documented in the literature. Finally, Section 4 concludes.



1 The Model

1.1 The Cressie-Read Divergence with Jump

1.1.1 Baseline and Subjective Beliefs

Consider a probability space (2, (F¢) (o7 - B). Here the filtration (%), 7 is the augmented filtration
generated by a standard Brownian motion B® and a Poisson random measure N (dt, dz), and satisfies the
usual hypothesis of right-continuity and completeness. Brownian motion and Poisson random measure
are assumed to be independent. The mean measure of IV is denoted by A\v(dz)dt, where the jump intensity
X is assumed to be a positive constant and v/(dz) is the jump size distribution. Denote NB(dt,dz) =
N(dt,dz) — A\v(dz)dt as the compensated Poisson random measure.

The measure B is called the baseline model. The investor worries about model misspecification and
entertains a family of alternative models. This family of alternative models is parameterized by a process
u and a function 6. Each alternative model U in this family is defined as follows. Given a bounded process

u, introduce Z? following the dynamics
dZP = —ZPuw, dBP,0<t<T, Z7ZP=1. (1)

Given a bounded function # : [0,7] x R — R and a constant ¢ > 0 such that §(¢,z) > —1 + ¢ for any
(t,z) € [0,T] x R, introduce Z” with the dynamics

dz] =z} / 0(t,z)NB(dt,dz), 0 <t <T, Z=1. (2)
R
Introduce the Radon-Nikodym derivative

Zy=7/ZP, 0<t<T (3)

o
Fr

1The boundedness assumptions on u and @ ensure E®[Z7] = 1. Indeed, Bounded v and € ensures the Novikov condition
EB [exp (% fOT u?ds + fOT Jg 0%(s, z)N (ds, dz))] < oo in Pksendal and Sulem, 2019, Theorem 1.36, which establishes

sufficient conditions such that EB[Z7] = 1.

Define U via
dU

dB




In the alternative model U, B} = B} — [ u,ds for a U-Brownian motion B”. Therefore the Brownian
motion B2, under the baseline model B, has the drift —u, under the alternative model U. Meanwhile, the
Poisson random measure N has the mean measure (1+6(t, z)) \v(dz)dt under the alternative model U (see
e.g. Oksendal and Sulem, 2019, Theorem 1.33). Hence the jump intensity and the jump size distribution
are potentially different under the alternative model. In the special case, where 6 is independent of z, the

jump intensity becomes (1 + 6;)\ under the alternative model U.

1.1.2 Cressie-Read Divergence

The investor considers alternative models which are further away from the baseline model less likely.
Motivated by Maenhout et al., 2021, we introduce the Cressie-Read divergence to measure the discrepancy

between the baseline model B and the alternative model U:

1 T

Ry = —E| / e 0w, dD,|, )
ét t

where 0 is a constant discount rate and D, s = ¢(Z; 5), with ¢(+) as the Cressie-Read divergence function

(Cressie and Read, |1984),
_l=n+nz—2"

nl—n)

The function ¢ is convex, satisfies ¢(1) = 0, is decreasing when z € (0,1), and is increasing when

¢(2)

n € R\{0,1}.

z > 1. When 7 = 1, the Cressie-Read divergence function, defined as the limit lim,_,; ¢(z), is the KL
divergence. When 1 = 0, the Cressie-Read divergence, also defined as the limit, corresponds to Burg,
1972 entropy, n = % describes the Hellinger, |1909) distance.

In @), ® and ¥ are two positive processes. Maenhout et al., 2021/ show that &, = Zt1 ~" is the unique
choice so that the resulting Cressie-Read divergence RV is recursive and time-consistent. The weight

process W is chosen later so that the investor’s optimization problem remains homothetic.

Lemma 1. When ®, = Z} " and E® [ fOT 6*58\If§,ds] < oo for some p > 2, then R can be decomposed

as
RV=R™P 4+ R 0<t<T, (5)
where
T 1
R ] [ e,z Sas), ©)
t
T 1+0 T —1—nd(s,
R} :EP[ / ey, Z07t) / SR e Z)V(dz)ds : (7
t R 77(77 - 1)



Moreover, RV satisfies the following recursive relation

¢ 1 1+6(s,2)" —1—n0(s, .
Ry =By /t e 00w, 717 (Sut A /R (L5 0(s Zn)()n— ) nf(s Z)u(dz))ds+e—5<t—t>R? L)

foranyt,fsuchthatOgt§5§T.

When 1 = 1, the Cressie-Read divergence is equivalent to the entropy divergence

RV = EV UtT oty (%uf + A/R [(1 +0(t,2)) log (14 6(t, 2)) — 6(¢, z)] u(dz))ds] )

which is identical to the relative entropy penalty in Branger and Larsen, 2013, except they only considered
jump intensity risk. The jump divergence in (9)) is consistent with Liu et al., 2005 or Jin and Zhang, 2012}
where they specified distortion # into intensity and size distortion separately. Our divergence measure
is closely related to Ait-Sahalia and Matthys, 2019, where they considered entropy penalty in a relative
entropy growth form and specified jump size as beta distribution.

The decomposition (3] split the Cressie-Read divergence into two components: the diffusion com-
ponent RU" and the jump component RY/. The diffusion component incorporates a quadratic penalty
function Pp;f fusion (1) = %uQ on the diffusion distortion u. The jump component depends on a penalty

: noo.
function P Jump

(146)"—1—n0 .
@ =] o 7 (10)
(1+6)log(1+0)—0 ifn=1.

P;]ump
This penalty function is nonnegative and convex in 6. [Figure I|plots the jump penalty and jump distortion
range against 6 for different values of 7. The left panel of shows that jump penalty PJ, (6)
is increasing in 7 when 6 is positive and is decreasing in 77 when 6 is negative. Consequently, for a give
(0) < Kk} is shrinking

(0) < Kk} expanding in 7. Overall, the investor entertains a larger set of

constraint level « , the right panel of Figure 1 shows that the interval {6 > 0 : Pyump
inpand {-1 <0 <0: P},
alternative jump models when 7 is smaller.

When n # 1, the Cressie-Read divergence depends on the state 7. For given diffusion and jump
the factor Z"~! in front of them in (6) and (7)) introduce state

dependence into the Cressie-Read divergence. For given u and 6, large Z"~! increases the discrepancy.

penalty functions Pp;fysion and Pf}ump,
This implies that deviating from U on states with larger values of Z"7~! is more costly. Meanwhile, from
the dynamics of Z in (I) and (2), we see that the value of Z depends on the historic Brownian shocks and
jumps from the Poission random measure. As we will show later, this is the key mechanism to generate

endogenous and dynamic beliefs on the diffusion and jump risks. For the portfolio choice problem that
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Figure 1: Jump penalty

The left panel plots the jump penalty function Pgump for different values of 7. The right panel presents the interval

{0>0:Pj,., <rktand{-1<0<0: P}  <r}withx=0.5.
the investor considers, Z is the key state variable, which links investor’s past experience on diffusion and
jump shocks to his belief on future risks. When 7 = 1, Z7~! = 1, hence the Cressie-Read divergence is

state independent.

1.2 The Utility Index Process

Given a consumption stream ¢ = {¢;, ¢t € [0,7T]}, a diffusion distortion v and a jump distortion 6, we

define the utility of ¢ under the model U as

T
1
U =gy { / e *C7I8U (co) ds + e TICU (or) + oo R)P +
t

1

R 11
@J t ) ( )

where U is the utility function for the consumption rate ¢, (U is the bequest utility with a positive
constant ¢, RP’D and RV are the diffusion and jump Cressie-Read discrepancy introduced in (6) and (7).
The positive constant parameters O and O ; measure investor’s preference for robustness of diffusion
and jump risk, respectively. When Op (resp. ©O;) is larger, the investor concerns more about model

uncertainty in diffusion (resp. jump) risk.

A: Jump Distortion Penalty PJ,, B: Jump Distortion Range with x = 0.5
—1=0.5 =15 T 1.07
- =n=0.7
n=1
—=n=1.3 77=1 3r
.| 15 0.86 1.1
| ——————————————
=1 0.81 1.16
0 7 I o ——————————————
n=0.7 | == 1.21
=051 T 125
0 . — . . .
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 1.5
0 0



To evaluate the utility of the consumption stream ¢ among all alternative models, the investor takes a

worst case approach. We define the utility index of the consumption stream c as

Uus = inf U (12)
u€|u,ul,0€(—1,0]
where 7 > 0 and # > 0 are upper bound of process v and function  respectively.
To illustrate the intuition of the utility index, let us consider an example of a consumption process ¢
following the dynamics
dee _ fiedt + o dBE — / ZNB(dt, dz), (13)
Ct— R
for a constant growth rate j. and a constant volatility o.. Jumps of the Possion random measure N is
assumed to be positive. Hence whenever a jump arrives, consumption drops and we interpret jumps as
disasters.
Under alternative measure U, associated with « and 6, the consumption dynamic follows

dey

= (,uc — ooy — )\/ 20(t, z)y(dz)>dt + 0.dBy — / ZNY(dt, d), (14)
R R

C—

where
NY(dt,dz) = N(dt,dz) — (14 0(t, 2)) Av(dz)dt (15)

is a compensated Poisson random measure under U. Consider u,# > 0, due to the diffusion belief
distortion, the expected consumption growth rate decreases by o.u under U; due to the jump belief
distortion, the expected consumption growth rate decreases further by X [, 26(t, z)v(dz). The mean
measure of the Poisson random measure N becomes (1 + 0(t, z))Av(dz) under U. In the special case
where 6 is positive and is independent of z, the jump intensity increases to (1 + 6(¢))\ under U and the
jump size distribution remains v(dz). Therefore the investor believes the disasters happen more frequently
and the expected consumption growth decreases as well.

In formulating the utility index U/¢, larger distortion u and 6 decrease the consumption growth under
the alternative model U, hence the expected utility of consumption (the first two terms on the right-hand
side of (T1])) decreases. Meanwhile, the Cressie-Read discrepancy (the last two terms on the right-hand
side of (TT])) increases. The investor chooses the worst case belief distortion v and 6 to minimize the
expected utility in (T2). Given that the Cressie-Read discrepancy RV and RY/ depend on Z, Z becomes
a state variable for the optimization problem (12), together with the consumption stream c as another state
variable.

When 7 # 1, the utility index /¢ is Markovian in the state variables ¢ and Z, i.e., Uy = U (t,ct, Z;)



for a function U/, which satisfies a HIB equation associated to the optimization problem in (I2)). The
following two results summarize the worst case belief distortions u* and #*. The result on u* is the same

as Proposition 1 in Maenhout et al., 2021
Proposition 1 (diffusion distortion).

1. The optimal u* satisfies
. Opli[1+ E
U = ———
g
where I'y = O,U (—Zu*) + OU (co.) is the instantaneous volatility of the pessimistic utility U¢ and
E, = ?—kaFt is the elasticity of I'; with respect to Z,.

zZn (16)

2. u* is positive if and only if I'[1 + E] is positive. For a fixed and positive I'[1 + E|, u* increases as

7Y increases.

3. When u* is positive, positive shocks to B® decrease Z, hence decrease Z'~" when n < 1, or

increase Z'~" when n > 1.
Proposition 2 (jump distortion).

1. The optimal 0* satisfies

QA1+ F, =
AL B g T a7
t—

-1
where \; = U(t, (1 —2),Z, (1 +0(t, Z))) — Z/{(t—, C—, Zt_)) is the utility change due to the
negative jump in consumption ¢ and F, = Z]f—t‘@ZAt is the elasticity of A, with respect to Z,.

2. 0% is positive if and only if A[1 + F| is negative. For a fixed and negative A[1 + F|, 0* increases as

ZY" increases.

3. When 0* is positive, Z increases after N® jumps, hence Z'~" increases when n < 1, or Z'="

decreases when n > 1.

For entropy discrepancy 7 = 1, optimal 6* becomes

(18)

0°(t, 2) = exp (_M) -

v,

where it’s now independent with state variable Z, and one can easily observe that 6 is positive if and only
if A[1 + F]is negative.
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Consider a special case where ¢ in|Equation 12|is chosen from the class of processes depending only

on time. Under baseline model B,

dCt

Cy_

= (pte + N\J,)dt + 0.dB} — JFdN, (19)

where the disaster in consumption modeled as a Poisson process /V; with rate A\. The change in consump-
tion, should a disaster occur, is Jf, a random variable following time-invariant distribution v(dz) with
mean J.. Under alternative measure U, with Poisson rate A\(1 + 6;),

d - -

der _ (uc — o — Aeth) dt + o.dB’ — (deNt A1+ Ht)cht> (20)

Ci—
The optimal 6 is independent of z, and follows

— 1O EV A1 + F]
U,

ji=p - 2,7 — 1 21)
where BV [A,] = [o [U(t, e (1= JF), Z—(1 + 6,)) —U(t—, ¢, Z,—))] v(dz) is the expected marginal
utility change due to the negatlve jump in consumption, and independent of jump size. Similarly,

F = E (d )
v(dz [A ]
of jumps under U is 1 + 6; times bigger than before but jump size distribution is unaffected, i.e., only

E¥(42)[9,A,] is the expected elasticity of A, with respect to Z,. In this scenario, the intensity

jump intensity increases.

2 The Portfolio Choice Problem

We now consider an optimal consumption-investment problem where the investor’s utility toward con-
sumption is specified by (12). We focus on the case where the investor concerns about misspecification
on the intensity of negative return jumps. We will demonstrate how investor’s past experience on negative
return jumps shapes his expectation on the likelihood of future disasters and impact on his consumption

and investment decisions.
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2.1 Model Setup

Consider the market with a constant risk-free rate r, a risky asset with a jump-diffusion dynamics with
compound Poisson jumps:
dSTSt = (p+ \J)dt + o0dBf — J,dN, (22)
where 1 is a constant expected return, o is a constant return volatility, /V is a Poisson process with a
constant jump intensity A, {.J;} is a sequence of i.i.d. random variables with distribution v on (0, 1), and
J is the mean jump size.
Given a bounded process u and a function 6 : [0,7] — R, the risky asset follows the following

dynamics under the alternative model U:

%St = (u— ouy — A\J;) dt + 0dB; — (JudNy — (1 + 6,) Jdt), (23)
where dBY = w;dt + dBP and N has the time-dependent intensity A\(1 + 6;). Therefore the agent’s
subjective expected return is 4 — ou; — A\J6;. When u and @ are both positive, the subjective expected
return under U is reduced compared with the objective expected return under B. In contrast to Ait-Sahalia
and Matthys, 2019, our model does not feature the trade off between a higher frequency of jumps and
a higher jump risk premium. Larger 6 increases jump frequency under U and reduces asset’s expected
return as well.

Given a portfolio weight 7 and a consumption rate c, investor’s wealth process follows the dynamics
th = [TWtf + Wt,ﬂ't<,u + )\j - 7’) - Ct] dt + ‘/‘[/t,T('tO'dBiB — Wtfﬂtt]tht- (24)
The investor chooses his optimal strategy (7, ¢) to maximize the utility index of consumption

Vo= swp U, (25)

(7,c) admissible
subject to the wealth dynamics (24). The utility index U is given in (12)). The strategy (r, c) is admissible
if it is predictable with respect to investor’s filtration F and 7; < 1/Jy. for any ¢, where J,.« is a positive

constant, strictly less than 1, such that the jump size distribution v has a compact support inside [0, Jiax]-

Therefore, 7;J; < 1 for any ¢ so that W > 0 at all time.

=
1—

0 < v # 1. To maintain homotheticity with respect to investor’s wealth, we follow Maenhout, 2004 and

The utility for intertemporal and bequest consumption is U (¢;) = with the relative risk aversion

12



choose ¥; = (1 — 7)V; in (6) and
Combining the form of RV in[Lemma 1} /¢ in (T2), and the choice of ¥ yields the value function (23]

as

T
LézzﬁqnnfEPL/‘e‘M*ﬂ<5U(@)%—U-—VN@_ZZJ}KUMQQ)ds+wfﬂg;”dfﬁy)} 26)
t

me W

where
1, A (1+6,)"—1—nb,

:—us+_
20p O, n(n—1)

is obtained from Cressie-Read divergence. In (26), V; depends on future values Vi, s € [t, T], problem

P(us, 0s) 27)

(26) is an optimization problem for a recursive utility. The choice of ¥ maintains the homotheticity with

respect to investor’s wealth, the value function can be decomposed as

1—v

W,
‘/;f - W(Wtazt) = 1 L f)/f(t’ Zt)7 (28)

for some function f.

2.2 A Two-stage Example

We now illustrate the intuition of the problem using a two-stage example. In the first stage, ¢ € [0, 1);
in the second stage, ¢ > 1. In stage 1, the investor does not update the value of Z, i.e., Z; = Z; for
t € [0,1). The investor chooses the belief distortion (ug,fy) at time 0 and keep it constant until time
1. At time 1, the investor updates Z to Zi, using the shocks experienced before time 1. The investor
updates the belief distortion to (u1, #;), and chooses the portfolio and consumption strategy for the second
stage. In stage 2, Z; = Z; for t > 1. Therefore the investor keeps the belief distortion (uq, ;) and the
consumption-investment strategy constant in the second stage.

We solve the two-stage problem by backward induction. For the second stage, agent’s optimal

consumption-investment problem is

vyszmme/ 5W4(&u@yui—wmaﬂ*tha0@} t>1, (29
t

ul 701 ,C

2Because U{ depends on V; for s € [t, T, problem becomes an optimization problem for a recursive utility; see also
Maenhout et al., 2021

13



subject to wealth dynamic (24)).

Because the problem is homothetic in wealth and Z}~" is a constant in (29). The investor’s optimal
belief distortion and consumption-investment strategy are constants and can be obtained by solving an
algebraic equation (A.14). The dependence of optimal belief distortion and consumption-investment

strategy on Z; ~! is summarized in the following result.

Proposition 3. When Z{’_l increases, the agent’s optimal portfolio weight m increases, diffusion

distortion uy and jump distortion 0, decrease.

When u; = ug and 6, = 6 for any ¢ € [0,1), Z; = exp ( — %u% — My — uoB2 + In(1 + Qo)Nl).
Suppose that uy > 0 and 6, > 0, we now examine the impact of shocks on optimal portfolio and belief
distortions. If < 1, positive shocks to BY increase fol, leading the agent to increase her portfolio
weight 7] in risky asset, and decrease her belief distortion u] and 67, according to Proporition (3| After
negative shocks to BY or negative jumps (i.e. disasters) in stock returns, Z; ~! decreases. Consequently,
agent reduces 7; while increasing u} and 7. When 7 > 1, the investor behaves in an opposite way.

We focus on the impact of negative jumps in returns. In the case n < 1, as previously discussed,
two belief distortions increase after negative jumps, generating a more pessimistic expected return g —
ouy — A\J6,. Meanwhile, the investor’s subjective disaster intensity A(1+ 6, ) increases, hence the investor
expects more frequent future disasters in his worst-case belief. As the investor becomes more pessimistic,
he reduces his portfolio weight in the risky asset. In this case, the pessimism is countercyclical with the
realized return. When 7 > 1, after negative jumps, investor’s subjective disaster intensity decreases, and
the expected return increases. The investor becomes less pessimistic and increases his optimal portfolio
weight 77, Therefore pessimism is procyclical with the realized return. Negative return shocks from B
share a similar impact with negative jumps. Positive return shocks lead to an opposite effect.

summarizes these results.

Table 1: Responses to Exogenous Shocks

Ziowio 0w Setment O
n<l1
AB? >0 L 1 | 1 less pessimistic
AB® <Qordisaster 1 1 1 | more pessimistic T
n>1
AB® >0 I 1 1 | more pessimistic
AB® <Qordisaster 1 | | 1 less pessimistic ¢

14



For the first stage, the agent’s value function is

1
V, = inf sup]E?[ / e=3(s=1) <5U (cs)+(1—7)m_zgflp<u0,90))ds+e*5<1*t>v1], 0<t<1, (30)
t

20,00 7.c

w7
1=y
emerges in the first stage, against market volatility, disaster probability, and changing belief distortion at

where Z; = 1. Because V; equals to f(Z1) and depends on Z;, intertemporal hedging demand

time 1.

2.2.1 Numerical Illustrations

We now use a numerical example to illustrate the dependence of optimal portfolio choice and worst-case
belief distortion in the second stage on the state variable Z;. We assume a constant return jump size for

illustration purpose.

Table 2: Parameter Values

Parameter  Variable Value
r Interest Rate 0.03
0 Discount Rate 0.03
1 Expected Stock Return 0.1
o Stock Volatility 0.2
A Constant Jump Intensity 0.1
J Stock Jump Size 0.2
vy Risk Aversion 6
Op Preference Parameter for Diffusion Ambiguity 1
O} Preference Parameter for Jump Ambiguity 1

For illustration, we introduce a monotone transformation x = —log 77, so that when ug, 0y > 0,

x increases (decreases) after positive (negative) shocks. presents two cases with 7 < 1 and
n > 1, respectively. Panel A in presents the case 7 = 0.5. Positive shocks increases z, the
investor becomes less pessimistic, his belief distortion v} and 67 both reduce, expected return increases,
and portfolio holding 7] increases. Panel B presents the case 7 = 1.5. Positive shocks increases z,
the investor becomes more pessimistic, his belief distortions increase, both expected return and portfolio
holding decline. These results are consistent with [Table 1]
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Figure 2: Optimal portfolio and belief distortions

This figure plots worst-case belief distortions (u}, 87 ) and the optimal portfolio weight 7} in the second stage. The parameters
used are summarized in [Table 21

2.3 Dynamic Optimal Consumption and Portfolio Choice

Having built up intuition from the two-stage example, we examine the fully dynamic problem (26]) and
identify the optimal consumption, portfolio choice, and the worst-case belief. We introduce the following
variable z as the state variable of the problem (26):

xy = — log Z;. 3D
We derive from (I]) and (2)) that = follows the dynamics
L, B
dl‘t = <§Ut + )\0,5) dt + U,tdBt —1In (1 + gt)dNt (32)

When u and 6 are positive, jumps and negative Brownian shocks decrease x, meanwhile positive Brownian
shocks increase x. We call x the sentiment variable and use it as the state variable for problem (26)).

We introduce two constants x and 7 satisfying x < 0 < z. We fix z (resp. Z) to be sufficiently small
(resp. large), so that x > x (resp. = < ) correspond to Z close to O (resp. large Z). We regard it as

unreasonably underweight (resp. overweight) in the alternative model U. Define a stopping time

T=inf{t>0:2, <zorx; >z}. (33)
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When t > 7, we freeze Z, at e~*" and set the Cressie-Read discrepancy in (IT)) as

r 1 A (1+6,)"—1—nb
(st _p(1=m)ar 2 s s

e Ve U+ — ds|. (34

/t <2@D e, -1 9

1 U,D
— R} 4
O,

1
O,

R =E/

As we will see in this specification helps to pin down boundary conditions for the HJB
equation.

The choice ¥ = (1 — )V maintaines the homothetic property for problem (26)). Take W and z as
the state variables, the value function V' in has the following decomposition

1—
W

V, = e/ (tt) (35)
1 -y

The following result characterizes the function f and identifies agent’s optimal consumption investment

strategies and the worst-case belief distortion.

Proposition 4. Suppose that f is a classical solution of the following HJB equation

o Loy Ayl @) 40t
O—Sggﬂ}j{l_ +0:f {”"“ 217" +1—79] 20-7)
N )\(11 +0) {EV [(1 _ WJ)lfﬂq ol (x=In(1+60))—f(z) _ 1} + %61_76_f (36)
e -7

- 1 J
+r+m(p—r—ou+AJ)—c— 577r202 —1T—% —i—e(l_”)rP(u,Q)}
-7

for (t,z) € [0,T) x (x, %), and the boundary conditions
flt,o) = fI(), 2 <z fto) = fi(), 225 and f(T,z)=log(.

The function P in (30) is given in (27).

Then, the optimal belief distortions u* and 6, the optimal investment strategy 7*, and the optimal
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consumption-wealth ratio ¢* = CW satisfy the following first-order conditions

. _ (1= —0:f) \
T (a$f>2 + aa::cf - 8;5]0 + 1@;—;6(1—77)96 T (37)

1 o (14097 =1 1-0,f (1)) -
0 =— (1—-n)z T ft,z—In(14+6%)) f(t,a:)EV 1— %] M -1 38
0,° T Il C [(1—m"7)""] =1}, (38)
=1 =yTr*0® = X\J + A (14 67) e Co NI E0R [(1 — 72 )77 J] (39)
& =gre @, (40)

(1-d- daf)
(8 f)2+8zzf azf+ O e(l nz*

When v < xorxz > 7, fIr satzsﬁes the following ODE

where v = ~ +

_ 8tf£r n ) ; 1ff A1+ ef’)

W

(B0 -7"7)7] -1}

11—y 1—7v 11— 1)
- 1
+r+7 (p—r—ocd"+AJ) - — 277rfr2 2 — T d + TP o7y,
-
with boundary terminal conditions f,(T) = log (. In (1), w", 0" and = satisfy
W =0 pel™ 0‘7Tf (42)
r T 1=y o 1 - N (n—1)x 7t .

o' [{EV (=)' =1} T O 1, 43)

p—r=(v+0pe" V) ?1 — AT+ \(1+ 0")E, [(1 — ) J} . (44)

Equation (39) implies that the risk premium p — 7 can be attributed into hedging demand from

i 52 is the risk

diffusion risk and from jump risk. The first term on the right-hand side of (39)), v
premium associated to the diffusion risk. We interpret v°7 as the effective risk aversion, which is belief-
and state-dependent. The rest terms on the right-hand side of (39) constitute the jump risk premium.
A (14 6*) is subjective jump intensity and e/ (=0 D=/OE, [(1 — 7*J)77 J] is the ratio of marginal
values of investment after and before a return jump. As the investor anticipates future changes in the
sentiment variable, a Merton-type intertemporal hedging demand emerges. In (38), the optimal belief

. . .. % . . . 1 ,(1— ):1: (14,_9*)’7*1_1
distortion in jump #* is determined by equating the marginal cost 5, " T —

gain %L1 {ef(“" A+ -F@E, [(1 — 7*J)' 7] - 1}.

with the marginal
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When 1 = 1, the optimal solutions in (37) - (39) are state independent and satisfyf]

u* = Opor” (45)

_ L a1 — ) =
0—®J10g(1+9)+1_7{Ey[(1 ™J) 7 -1} (46)
p—r=(+0p)rc> =X+ A(1+6)E, [(1—7*J)" J]. (47)

This is consistent with Liu et al., 2005, who consider both jump intensity and size uncertainty using the

entropy discrepancy.

2.4 Numerical Results

In this section, we present our model implications using numerical solutions of the HIB equation (36)).

2.4.1 State Dependence

Investor’s worst-case belief and optimal portfolio are state-dependent. To illustrate this, we consider a

short horizon problem with 1 year time horizon.

A: Diffusion Distortion u* B: Jump Distortion 6* C: Portfolio Choice 7*
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4 P
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Figure 3: State dependence for different n

This figure presents the worst-case belief distortions and the optimal portfolio weight at time zero. The time horizon is T=1
year and other parameters are summarized in

Figure 3|presents the diffusion distortion »*, jump intensity distortion #*, and portfolio choice 7* for

3The case of 7 = 1 is discussed in Appendix C
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different values of 7. When n = 1, the discrepancy measure in (§)) is the entropy case. In this case,
shows that portfolio allocation and belief distortions are state independent.

When 1 < 1, as x increases, sentiment improves, both v and 6 decrease, the investor becomes less
pessimistic, and increases risky asset weight the portfolio. When n > 1, as x decreases, sentiment
deteriorates, both v and 6 increase, the investor becomes more pessimistic, and invests less in the risky
asset. Moreover, [Figure 3| shows the further 7 is away from 1, the more state dependence of the belief
distortions and portfolio strategy are.

We now change the jump intensity or jump size to study the impact of jump on the state-dependence.

presents the optimal (u*, 6%, 7*), compensations for diffusion risk and jump risk across
various values of jump intensity A. When \ increases, the jumps come more frequently, and new arrivals
become less surprising. As a result, §* becomes smaller as A increases, as Panel B illustrates.
Nevertheless, larger ) still increases A.J#*, which reduces the expected return under the worst-case belief
U (see (23))). Therefore, the portfolio weight 7* decreases, as Panel C shows. Panel D shows
that the state-dependent term (1=7)(1=0% ) on the right-hand side of remains roughly

(8wf)2+awxf_axf+leiig€(lfn)w
the same as A increases. Therefore (37]) shows that v* decreases with 7 as A increases. Even though

the reduction of ©* increases the expected return under the worst-case belief U, the reduction from jump
component, \.J§*, still dominates, so that the expected return j — ou* — \.JO* decreases as \ increases.
Given risk premium g — r = 0.07, higher jump intensity induces larger jump risk, requiring higher
compensation for jump risk, while the compensation for diffusion risk decreases. This trade-off between
diffusion risk and jump risk is shown in Panel E and F in [Figure 4

shows the impact of jump size on belief, portfolio allocation, and risk premium decomposition.
Arrival of jumps with larger jump size is more surprising, therefore 8* increases with the jump size. This
increases AJ6* hence reduces the expected return under the worst-case belief U and the portfolio weight
m*. Meanwhile, as shows, the state-dependent term on the right-hand side of remains
roughly the same as )\ increases. Therefore, u* decreases with 77* as the jump size increases. Meanwhile,
larger jump size demands higher compensation for jump risk, hence lower compensation for diffusion

risk.

2.4.2 Time-to-horizon Effect

To examine the intertemporal hedging, we increase the time horizon to T=100 years and present the
optimal distortions and portfolio weight at = = 0 for different 7, jump intensity and size.

shows myopic behavior for the entropy case ( = 1). When 71 # 1, the diffusion distortion
u*, jump intensity distortion 8* and portfolio choice 7* depend on time-to-horizon.
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A: Diffusion Distortion u* B: Jump Distortion 6* C: Portfolio Choice 7*
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Figure 4: State dependence for different A

This figure plots optimal distortions, portfolios, and jump intensity change at time zero. The time horizon is T=1 year and

other parameters are summarized in

Following the same intuition of the two-stage example, when n < 1, pessimism is countercyclical, a
disaster in return is associated with a deterioration in sentiment, which deepens pessimism and decreases
the subjective expected return on the risky asset. In other words, when 1 < 1, realized returns and
subjective expected returns are positively correlated, which leads to negative intertemporal hedging
demands that grow with the time-to-horizon, shown in in the case n = 0.5. When 1 > 1,
pessimism is procyclical, a disaster in return leads to reduction in pessimism and increase in the subjective
expected return. Therefore, a negative correlation emerges between realized returns and the subjective
returns. This explains the positive intertemporal hedging demand for the case n = 1.5 in Panel

C. This hedging demand also grows as time-to-horizon increases.
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Figure 5: State dependence for different J

This figure plots optimal distortions and portfolios at time zero. The time horizon is T=1 year and other parameters are
summarized in [Table 2|

2.4.3 Dynamic response to jumps

We now examine the effect of jumps on the dynamics of state variable, the belief distortion, and portfolio
choice via a simulation exercise. We simulate the dynamics of = following (32)) for 30 years. We choose
0; = 20 so that the investor has strong concern in jump intensity ambiguity. This choice highlights the
jump effect in our model.

Figure 7| presents a sample path. The worst-case jump belief distortion 6* is positive. Therefore, in
absent of jumps, the state variable x drifts upward, due to its positive drift $|u;|* + A0} in (32). Upon
arrival of Poisson jumps, represented by red vertical lines in [Figure 7|  jumps down. We choose n = 0.7

for our simulations. Therefore the worst-case jump belief distortion 6* decreases with z, as Panel B of
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Figure 6: Optimal distortion and portfolio

This figure plots optimal distortions and portfolios at z = 0. The time horizon is T=100 years and other parameters are
summarized in

indicates. Consequently, the jump size In(1 + ;) is larger when x is lower. Because 0* is
positive, the subjective jump intensity (14 0*) is always larger than the objective jump intensity A = 0.1.
As Panel B of shows, in absent of jumps, the subjective jump intensity declines. This is because
the state variable x increases and 6* decreases with the state variable. Upon arrival of Poisson jumps, due
to the downward jump of the state variable, the subjective jump intensity jumps up. Therefore, there is a
self-exciting pattern in investor’s belief in the likelihood of future disasters: when the investor observes
a return disaster, he anticipates a higher probability of disasters in the future; if he experiences a period
without disasters, he also anticipates a lower probability of disasters in the future. In contrast to Hawkes
processes, whose objective jump intensity increases after arrivals of jumps, the effect described before is
purely subjective, the objective jump intensity remains a constant A = (.1 regardless of the jump arrivals.
Nevertheless, changes in agent’s subject belief on jumps impact his subjective expected return and his
portfolio choice. Panel C of shows that investor’s subjective expected return drifts upward in
absent of disasters, but jumps downward upon arrival of disasters, because the investor anticipates a higher
likelihood of disasters in the future. Consequently, the investor’s portfolio weight increases following his
improved sentiment, but jumps downward after arrivial of each disaster, as Panel D of indicates.
In contrast, the model with entropy divergence, i.e., = 1, displays state and time-independent subjective
jump intensity and portfolio choice, see the dotted dash line in

Compared with Bayesian learning, the state variable drives investor’s belief and portfolio choice in our
model. If there is a disaster, the state variable, expected return, and portfolio weight change significantly,

no matter how many disaster have happened before. When an investor learns an unknown jump intensity
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Figure 7: A Simulation Path When n < 1

The figure plots a simulated path of state variable, subjective disaster probability, expected return, and portfolio choice from 0
to 30 years. The parameters used are summarized in[Table 2] with p = 1,60; = 20,7 = 0.7,z = —3, and T = 3.

parameters, his posterior belief on the intensity parameters becomes more accurate as he observes more
disasters, hence future disasters have decreasing impact on investor’s posterior belief and less impact on
investor’s portfolio choice.

presents the distribution of the state variable, subjective jump intensity, subjective expected
return, and portfolio choice. All of them presents a heavy-tailed nature, resulting from higher subjective
jump intensity after disasters.

presents a sample path for the case with > 1. The state variable jumps downward after
each return disaster. However, in contrast to the 77 < 1 case, the subjective jump intensity drops after each
disaster. The investor anticipates smaller likelihood of future disasters given that one just happened. As

a result, both the subjective expected return and the portfolio weight jump upward after each disaster.
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Figure 8: Simulation Distribution Based on Our Model

This figure plots the histograms of sentiment variable, expected return, jump probability, and portfolio weight between years
10 and 20, with T=30 among 10* simulated path. The parameters used are summarized in with p = 1, 0; = 20 and
n=0.7.

3 Connection with survey evidence

Giglio et al., examines a series of surveys administered to Vanguard retail investors. These surveys
elicit investors’ belief on future economy states such as GDP growth and stock market expected returns.
The authors match beliefs of respondents with their portfolio composition, trading activity, and login
behavior. The study reveals that investors’ belief influence their portfolio allocations and trading decisions,
demonstrates significant individual heterogeneity in beliefs, and identifies the relationships between
expected returns and expected cash flow growth, as well as the one year subjective probability of rare
disasters.

In particular, Giglio et al., documents that investors who believe a higher probability of disaster
(1-year stock returns of less than —30%) has a lower subjective expected return and equity share in their
portfolios. In this section, we examine the same linear regressions (subjective expected returns and risky

asset weights on the subjective disaster probability) as in Giglio et al., 2021/ using our model simulated
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Figure 9: A Simulation Path Whenn > 1

The figure plots a simulated path of state variable, subjective disaster probability, expected return, and portfolio choice from 0
to 30 years. The parameters used are summarized in[Table 2] with p = 1,6; = 20,7 = 1.3,z = —3,and = 3.

data and compare the regression results with the survey evidence documented by Giglio et al., 2021

We simulate our model using parameters in We choose the equity premium g — r = 7.39%
and the return volatility o = 0.1598 from Campbell, 2017, The return jump size is set to be 0.3, mapping
to the empirical specifications in Giglio et al., 2021, The jump intensity A measures the objective disaster
probability in a year. Therefore we map the model jump intensity to the empirical disaster probability,
and use jump intensity and disaster probability interchangeably in this section. We choose A = 0.1 so
that the resulting mean of subjective disaster probability roughly agrees with the empirical mean from
surveys. We set the Cressie-Read parameter to be 7 = 0.8 so that disasters introduce more pessimistic
belief and there is a countercyclic portfolio weight. We choose ©; larger than 6 so that the investor
has more model ambiguity concern on disaster probability because disasters are rare events in historic
data. The investment horizon 7" is set to be 30 years mapping to the average investment horizon of a retail
investor before retirement.

illustrates distributions of the state variable, subjective disaster probability, subjective
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Table 3: Parameter Values

Parameter  Variable Value
r Interest Rate 0.02
) Discount Rate 0.02
0 Expected Stock Return 0.0939
o Stock Volatility 0.1598
A Stock Jump Intensity 0.1
J Stock Jump Size 0.3
vy Risk Aversion 2
n Cressie-Read Parameter 0.8
Op Preference Parameter for Diffusion 1
CF; Preference Parameter for Jump )
T Time Horizon 30

We choose 2 = —3 and Z = 3 and simulate 10* paths of the state variables starting from 2y = 0. To mitigate the dependence

on the initial value, we use the simulated panel data at ¢ = 5 year for the model-based regressions.

expected return, and portfolio weight among simulated panel data at ¢ = 5 year. Compared to the
objective belief, the subjective belief exhibits a higher disaster probability due to positive jump belief
distortion 6*. The average subjective disaster probability is 20.4% consistent with the empirical mean
in Giglio et al., 2021. The average subjective expected return is approximately 5.4%, and the average
portfolio weight is about 34.1%. This is consistent with the high portfolio weight found by Giglio et al.,
2021} even in the absence of a high risk aversion level.

presents the relationship between the subjective expected return with the state variable.
Because 7 is less than 1, the subjective expected return increases with the state variable. Meanwhile,
due to positive jump belief distortion 6%, disasters reduce the level of state variable. Hence investor’s
subjective expected return jumps downward after each disaster. Focusing on time-series, rather than
cross-sectional, of disasters in simulated paths, our simulation shows that the model-generated subjective
expected return decreases on average by 4.75% compared with its pre-disaster level when disasters occur;
meanwhile, the portfolio weight decreases by 8.6% compared with pre-disaster level.

Giglio et al., 202 1| estimate the sensitivity of the subjective expected return to the subjective disaster

probability with the following regression:
Subjective Expected Return, = o + 8 x Subjective Disaster Probability, + ¢;, (48)

where each ¢ corresponds to each survey respondent. Meanwhile, the risky asset weight is influenced by
a variety of factors. Giglio et al., 2021 examine the relationship between the risky asset weight and the

subjective disaster probability, the subjective expected return, and the volatility of expected return via the
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Figure 10: Simulation Distribution

This figure plots the histograms of sentiment variable, expected return, jump probability, and portfolio weight in the fifth year,
with T=30. The parameters used are summarized in[Table 3]

regression:

Risky Asset Weight, = a + [3; x Subjective Disaster Probability,
+ B2 x Subjective Expected Return; 49)

+ B3 x Standard Deviation Expected Return; + ¢;.

We simulate 10* paths of the state variable and average the subjective disaster probability, the sub-
jective expected return, and risky asset weight within the tenth year within the simulation 7 to construct

the variables Subjective Disaster Probability;, Subjective Expected Return;, and Risky Asset Weight;,
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Figure 11: Expected Return under Subjective Belief

This figure plots subjective expected return against sentiment variable =, with fixed ¢ at the fifth year and parameters summarized
in[Iable 3|

respectively. Using the simulated data, we examine the regressions (48)) and (49).

summarizes the model-generated results. Our model generates similar impact of subjective
disaster probability on the subjective expected return and portfolio weight as Giglio et al., 2021, Column
2 in shows that one percent increase in the subjective disaster probability is associated with a
0.352 percent decrease in the subjective expected return, compared to 0.146 percent decrease in Giglio
et al.,|2021. Meanwhile, Column 4 shows that an percent increase in the subjective disaster probability
decreases the risky asset weight by 4.149 percent in our model. In our model, this reduction is due to two
factors: the reduction in the subjective expected return and the increase in investor’s implicit risk aversion.
When controlling for expected return and volatility of return, one percent increase in the subjective disaster
probability reduces the weight of risky asset by 0.574 percent, comparing to 0.116 percent decrease in
Giglio et al., 2021, Even though the subjective expected return and subjective disaster probability are
highly correlated in our model, the coeflicient of disaster probability remains significant after introducing
the subjective expected return as a control.

In our simulation, a one-standard-deviation increase in the subjective disaster probability is associated
with a 2.19 percentage point lower risky asset weight. This consists with the result in Giglio et al., 2021
that “A one-standard-deviation increase in the perceived stock market disaster probability is associated

with about a one percentage point lower equity share.”
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4 Conclusion

The paper analyzes the portfolio planning problem in a jump-diffusion model when there is model
uncertainty. The investor is ambiguity averse and relies on a robust control approach, following Maenhout
et al., 2021. Different from their paper, we incorporate uncertainty about both jump risk as well as
diffusion risk. After disaster strikes, the agent becomes more pessimistic and thinks further disaster will
arrive soon. However, if disaster still does not strike yet, the agent becomes gradually less pessimistic.

We find that diffusion and jump misspecification will impact the optimal portfolio decision. Further-
more, under the robust measure, disaster probability increases after disasters happen and decrease the
expected return. Moreover, endogenous time-varying state variable in our model leads to heavy-tailed
distributions of optimal portfolio weight and expected return under subjective belief.

Our study emphasizes the importance of jump tail behavior in optimal portfolio formation. It provides
a mechanism to rationalize the negative correlation between investors’ subjective expected return and rare

disaster risk, documented in survey data (Giglio et al.,[2021).
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A Proofs

A.1 Proof of Lemma

When v and 6 are both bounded and that 6 is bounded away from —1, we claim that E® [Z{,] is bounded
uniformly in s € [t, T for any ¢ € R. To see this, we obtain from (3)) that

2 v

+/:/q1n<1+9(v7z))ﬁﬁ<d“7dz>}'

Z, = exp { /ts [_ 4,2 _|_/ [qIn(1 +6(v,2)) — ¢d(v, z)])\u(dz)] do — /: qu,dB®

Because u and # are both bounded and 6 is bounded away from —1, the claim follows from taking
B-expectation on both sides.

Itd’s formula for processes with jumps (see e.g. Protter, 2005, Chapter II, Section 7 yields

Zyo — 2 (s, z) (146(s,2))"—1

dD s:_—tﬂs_usdBLB_/ [ A zN NB ds,dz
b 1_7] R 77_1 b 77(77_1) b ( ) (Al)
1 146(s,2))" —1—nb(s, '
432l ads+ [ g, D) 2L 2) g
2 R n(n—1)

It follows from Holder’s inequality that

1

T T 1 T 1
E?[ / e‘“s—”(zt,s_—ZZS_>2\IJ§_|uS|2ds} SOE?[ / e““s—“(Zt,s_—Z;fs_f%s]qE?[ / e‘“*“\l}?ids]”,
t t t

where C' = max|u| and 1/p + 1/q = 1. Because E} [LT 6_5(5_t)‘lf§fd8] < oo by assumption and

EEF| [T ed60(Z,, — ZZS_)qus] < oo, the process [, e °¢=)(Z, , — Z!  )u,dBE is a martingale

under B. Meanwhile,

1

T T 1 T 1
E? / e"S(S’t)‘I/s,\@(s,z)]Zt,S,)\l/(dz)ds] < CE?[/ e~0s=t) 724 ds} 2q]E]tB[/ e P s | 7
-Jt t t

t,5—

where the constant C' depends on max |f|, § and 7". Both expectations on the right-hand sides are finite.
It then follows from Remark 6.4 ¢) in Cinlar, 2011, Chapter VI that [/ U, [, 97§iz) st,]v B(ds,dz) is a

1

martingale under B. The same statement holds for [, ¥,_ [ %Zﬁs,f\f B(ds, dz) as well.
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Choose ¢, = Z ~" and use the martingale properties obtained above, we obtain

1 T
R = —Ef| / e, dD,

P,
(A.2)
T 1 (1+6(s,2))" — 1 —n0(s, 2)
:]EU[/ —0s=ty, gt g—l—)\/ ’ —v(dz ds].
"L <2 R n(n—1) ( )>
Define R;” and R} as in (6) and (7)), respectively. We have RY = R;"" + R}
A.2 Proofs of Propositions (1) and
The dynamics of Z; follows
A
% — —wdBE + / o(t, ) (N(dt, dz) — Ay(dz)dt). (A3)
t— R

By It6 formula for jump-diffusion, the utility index /; follows the dynamic

dUyf =o0Udt — 0U - Zy (utdB]B + )\/ o(t, z)l/(dz)dt> +0U - cr (achB + (e + )\/ zu(dz))dt)
R R
1
+ 502U - (wZi ) dt + Qafcu- (ec—)?dt — 05U - (s Zy— ) (0cci—)dt

+ / {L[(t, (1= 2), Z_ (14 0(t, 2))) —U(t, ¢, Zt_)}N(dt, dz).
: (A4)

We can solve the the optimal distortions for utility index (12) via martingale approach, as

! 1 A (146(s,2))" =1 —nb(s,2)
,6tZ uc+/ efésZS SU cs) + \I/S,Zn 1 2 N / ) )
¢ e 0 ( ) (2@1) @J 77(77 - 1)

is B-martingale under optimal « and 6. Applying Itd formula to pervious equation, we have

y(dz)) } ds
(A.5)

—0e M ZUE + e (ZUY)

st i Loe A (1406(s,2))" — 1 —nb(s,2) (A.6)
+e Zt{éU(ct)—HIfs_Z” (2@D +@—J/R Py V(dz)) ds
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where d (Z,Uf) follows
dZUS =0U - Zy—dt — (U + OzU - Zy_) Zy— (utdBB + A / o(t, z)u(dz)dt)
R

+0U - Zycr (aCdBB + (1 + A / zz/(dz))dt)
R
1 1
+3 (05U - Zy— + 207U) (wy Z,— ) dt + 58301/1 - Zy_(0ecr)?dt — (0U + 05U - Zy_ ) (w Zy ) (0 )dt
+ / {Zt_(l +0(t,2) Ut (1 — 2), Ze_(1+ 0(t, 2))) — Zee - UL, -, Ze) }N(dt, dz).
R

Since (A.5) is a martingale under optimal distortions, we must have the drift of (A.6) equals to zero

under B. Factoring out e~% Z,_, we have following HJB equation,

0= inef — 0U; + OU — (U + OU - Zt_)/\/ 0(t, z)v(dz) + Ol (pe + )\/ zv(dz))
U R R

1 1
+ 5(@%Zu . th —+ QaZU)U?Zt, + —82 Z/{(UCCt,)Z - ((%U + 8%62/{ : Zt,)ut(occt,)

2 cc
A7)
gy 1 A (146(t,2)" —1—nd(t, 2) (
oU A e / : v(d
HOU () + 02 (g + g | o v(dz))
n )\/ {(1 Ot 2) Ut e (1= 2), Zio(1+0(t,2))) —U(t e, Z,) }I/(dz)
R
Collect the terms depends on u, f receptively,
1 1
inf 5 U, 77 u? + 3 (03U - Zy— + 20,U) Zy—ui — (OU + O3 U - Z,_ ) (0ccr)uy (A.8)
u D
1+0(t,2))" —1—no(t,
infixpt_zf:l/ (L+0(,2)) il Z)v(dZ)
0 Oy R n(n—1) (A.9)

+ )\/ {(1 0t DUt (1= 2), Z (14 0(t, 2))) — O(t, 2) (U + 07U - Z,_) }I/(dz)

Proposition [1| follows the same proof as Proposition 1 in Maenhout et al.,[2021. For 6, the first-order

condition yields

T— (1400 2))"" 1 B

WEOCA) L g 20t (b0 (14 2(2)), % (14000, 2)) —
77—1 @J N - J

=As (A.10)

+OU(t e (1= 2), 2, (L4 0(t,2))) - (L +0(t, 2)) Ze — DU - Zt:

:thazAtEFtAt
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where A describes the utility change and A7F describes the change in 0/, due to jumps in c. The optimal

jump distortion is
1
1

(0= DO AN+ F] oy 70 (A.11)

0*(t,z) = |1 — v,

Since pessimism means that # > 0 and we assume random jump size z > 0. When z and 6(¢, z) are
infinitesimally small, A; defined above is approximately —0.Uc;z + 0,U Z,0(t, z). Because z > 0 and
6 > 0, the previous expression resemble —I'; of the diffusion distortion. When I" > 0, we expect A < 0.

Consider n < 1 and a positive shock to Poisson process N. Because ¢ > 0 when pessimism, Z in
increases after the shock and Z'~7 increases as well. Then, holding A[1 + F] < 0 unchanged and
U, >0, [1-— WZS:”]# is larger than 1 and increases when Z'~" increases. As a result,
0*(t, z) increases. Similar analysis can be done when 1 > 1.

When 7 = 1, the terms depending on ¢ in HIB equation becomes

i%f@iJ\I/t_ /]R [(1 +0(t, 2)) log (1 + 0(t, z)) — 0(¢, z)} v(dz)

+ )\/ {0t DU (1 e (1 — 2), 2 (L4 (8, 2))) — 60, 2) (U + U - Z,) Jold)
R
The first-order condition respect to # from pervious equation,

1
——W,_log (1+6(t,2)) = A[1 + F]
0,
gives the optimal ¢ for = 1 in (I8).
Suppose that fR v(dz) < oo. If 0 is restricted to processes independent of z, then the first order
condition of € in (A.10) is transformed to

1-(1 =1
B Swezrt [ vt = [ (o 20,0 viaz)
n—1 S R R

where 0, replaces 6(t, z) in the definitions of A, and F} is redefined as F;E"(%?)[\,] = Z,_E"(42)[9,A,].

A.3 Proof of Proposition

Before proving Proposition |3, we first prepare the following result.
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Lemma 2. Given Z,, the worest-case belief distortions in the second stage are given by

ui = OpZ o, (A.12)

0; = |1— (717 — 1)@JZ}*”EV (1 —m )7 —1] —1, (A.13)

where J is random variable with distribution v. The optimal portfolio weight 7§ satisfies
p—r—oui+ A —yrioc’® = A1+ 60))E, [(1 —x}J) " J] = 0. (A.14)

The optimal consumption-wealth ratio ¢; = ¢ g f(z )_%

Proof. Recall from (23) and (24)), the wealth dynamic under U follows

W, = |r+m(u—1) — mou, — AT — c

W, )b+ modBy — m (JudN, — (1 + 6,)Jdt) (A.15)

The value function in the second stage satisfies the following HIB equation:

0= —6V+ inf max {6U (€) + (1 =NV ZI ' Pluy, 0,)

uy,01 m,c
ov - 1 0%V
+ WW [r +7(p—r)—mou; —wJNO; — %] + §WW27720'2 (A.16)
ov .
— =y _ -
(1 91))\{V]EV [(1—7)' ™ —1] + 8WW7TJ}}.

The value function admits the decomposition V (W, Z) = ﬁWl_V f(Z). Plugging this decomposition

into (A.16]), we obtain the following first-order condition for uy, 6; and c¢;:

1—
ut g fYVZf_lul—(l—v)ﬂaV:() = ul = OpZ, "o
D
1oy (14+6) " —1 .
0p: ——VZzZ"! +VE, [(1-=nJ)'" =1] =0
' 0, (n—1) [< ) ]
1
SR P o M R, | K
1 1_/}/ 1 v
_ V . 1 1
o 507—(1—7)W:O =a=6f2) "W
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Collect and maximize the terms with 7 in (A.16)),
1 _
max (1 — )V [(p—7) —ous + AJ| 7 — 57(1 —y)Vale? + A1+ 6)VE, [(1- )T — 1].

The first-order condition for 7 is given in (A.T4).
Because 1 — v and V' are of the same sign, meanwhile ©p, ©; > 0, the second order conditions are

satisfied as well:

1 _
w Tyzmt >,

©p .
1 _
b 5 Ty .z 1+ 6,)72 > 0,
J
e —o0c <0

Finally, the optimal belief distortions and consumption-investment strategies in the second stage are the

constants identified by above first-order conditions. [
The 7 is a admissible strategy, where 7} Jy, < 1.

Proof of Proposition[3] Suppose that 7} decreases as Z;' ~! increases, we will derive a contradict.

First, as 7] ~!increases and 77 decreases, (A.12) implies that u} decreases. Second, the admissibility
of 7* ensures that 7j.J < 1. Therefore, —ﬁEV [(1—mJ)™7 — 1] decreases as 7} decreases. As
Z" ! increases, (A.13)) implies that 7 decreases. Third, the first-order condition for 7y in (A.T4) can be

decomposed into three parts:

Part 1 : (p—7) — oul + \J,
Part2 : —y7io?,

Part3: —\(1+6})E, [(1 —7{J) " J].
Part 1 increases because u] decreases. Part 2 increases because we assume that 7} decreases. For Part 3,
O, [(1 =7} J) 7 J] >0,

for 7} satisfying 77 J < 1. Then E, [(1 —miJ) J] is positive and decreases as 7] decreases. We
have seen from the previous argument that 1 + 67 is positive and decreases. Therefore, Part 3 increases

as Z?_l increases and 7] decreases. In summary, we have shown that all parts on the left-hand side of
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the first-order condition (A.T4) increase as 7} and Z ' decrease. This contradicts with the first order

.. . ~1 .
condition (A.T4). Therefore, 7 must increases when Z] "~ increases. O

A.4 Proof of Proposition@

Recall ZP and Z/ from (T)) and (2). They satisfy

t 1 t
7P = exp ( - / u dBY — —/ ]us]2ds>,
0 2 Jo

¢ _ ¢
7/ :exp{/ ln(1+95)dN;B+/ A(In(1 + 6,) —Qs)ds}.
0 0

Therefore, x, defined in (31)), follows the dynamics

(1
da, = udBE —In (14 0,)dNE + <§uf - A(ln(l 1 0,)— 9t>) dt

~ 1

where ]@B = Ny — M and NtU = N; — A(1 + 6;)t are compensated Poisson process under B and U,
respectively.
We will first derive the HIB equation that the function f, defined via (33), satisfies. To this end, the

wealth dynamics follows

dw, -
W L= [r + m(p— 1) — moug + mANJ — 6,5} dt + modBy — 7, JydNy, (A.17)
-
where ¢; = 7 is the consumption-wealth ratio. It6 formula for jump diffusions implies that th_“’ and

t
e/ =) follow the dynamics

AW} . 1
ST (1—7) (7’ +m(p—r) — mouy + mAJ — & — 577??02) dt + (1 — ~)modB;
i
+ (1 =mJ) 7 = 1) dN, (A.18)
def(tuxt)

o) O fdt + 0. f (utdBE’ - (éuf — A9t> dt) + % (O f? 4 Opef) ujdt

n <ef(t:xr—1n<1+9t>)—f<t:xr> _ 1) AN, (A.19)
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It then follows from the martingale principle that

t 1 A (1 +0 )77 —1—nb

—6t —és (1—n)x,— 2 S S
Vi + oU (cg) + (1 V- = ——ul + — d A.20
oo /0 ‘ { () + (1 =7)V-e (2@Dus O, n(n—1) ) s )

is U-martingale under optimal (7*, ¢*) and (u*, 6*), a U-supermartingale when an arbitrary (7, ¢) and the
optimal (u*, 6*) are employed, and a U-submartingale when the optimal (7, ¢*) and an arbitrary (u, )

are employed. Applying It6 formula and using the decomposition (35)), we obtain the dynamics of the
process in (A.20) as

1=y —6t
—56’&Wt—ef(t’“)dt + =

1—7 1—7

) (A21)
Wi 1 A (146)" =1 —nb,
—5t 1 —~)—t— f(t,xt,) e e '
+e {6U (ct) +(1—7) e € (2@D“t Yy n(n—1) )

d (W, el b))

l—x
Meanwhile d (th_“’ef (b20)) follows

d (W ef ) - 1
( t © ) =1=7)|{r+m (,u—r—aut—i—/\J) — & — —ymio? + O, fmouy | dt + odBY
Wief (o) 2

i (O0F = 0uF (Gui = 38) + 5 (0uf)? 4 00af) ) i 4 0. P}

(1= w7 A @00 S 0) ) g,
(A.22)
Combining the previous two dynamics and utilizing the martingale principle, we obtain the following

HJB equation:

) - 1
O:supinf{ —1—+7‘—|—7r(,u—r—au—|—)\J) —é+8xf7rau—§fy7r202

7,é 6,u

1 1 |
b 0 = G < 00 4 (@) 0 f)
A | 0) (A.23)
_|_ ]EIB 1 o 7TJ 1—v ef(t,m—ln(l-f—ﬁ))—f(t,z) _ 1
T {E” [( )] !
0 ~1—vy —f(t,z) 1-n)z 1 2 A (1 + 0)77 —1- 7’]9
e e e (2@,;“ M-y >}

The optimal belief distortion (u*, 6*), portfolio weight 7* and consumption-wealth ratio ¢* are obtained

by first-order conditions, when the following second order conditions are satisfied:
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1. 7°%(¢, z)o? is positive definite,
2. (L=)[(0uf)? 4 Ouuf — Ouf + 52et=m2] > 0,
3. |0, f| cannot be too large, i.e., cannot be << 0 or >> 1.

When z is z or Z, the boundary conditions of f are specified by the value £, which is independent of
x, and it satisfies the following ODE, obtained by setting 0, f = 0, 0, f = 0, and removing terms related
to jumps in x from the HIB equation (A.23)):

_of Of 0 .1 AM1+0) _
028;17?19{15{1i7—ﬁ—l—rjtﬂ(u—r—au—l—)d)—c—§7ﬂ202+ﬁ{ﬂ£y[(1_ﬂj)lw]_l}

—U
20p O n(n—1)

0 g i aemef L o A (+0)" =116
+1_70 Teml + e ( )}

The first-order conditions give the optimal values for (u,#, 7, c) at the boundary, denoted as (u', 6",

7t cff). The second order conditions are satisfied if 6 > 0 and 7 is admissible.
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B Additional Plots and Table

A: Jump Distortion 6* B: Portfolio Choice 7*

C: Jump Distortion 6* at t =0 D: Portfolio Choice 7* at t =0

0.2 0.26

0.24 - 1

0.2r- 1

0.18 - 1

0.16 - 1

Figure B.1: Optimal distortion and portfolio with only jump distortion

This figure plots optimal distortions and portfolios only with jump penalty. The time horizon is T=100 years, and the parameters

used are summarized in

By forcing u equal to zero, we shut down the diffusion distortion and focus on the impact of jump
distortion. In this case, the impact of jump belief distortion on the portfolio is isolated. From[Figure B.1]
jump distortion and portfolio position will change in the opposite direction over time. With a penalty
only for jump, jump distortion slightly changes over time, mainly changing with the state variable. This is
because the investors are forward-looking. Unless they expect a massive jump with high intensity in the

future (i.e., the sentiment state changes), they will not change their belief of market crashes dramatically.
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A: Diffusion Distortion u*

B: Jump Distortion 6*

C: Portfolio Choice 7*
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Figure B.2: Impact of jump intensity
This figure plots optimal distortions and portfolios at x = 0. The time horizon is T=100 years, and the parameters used are
summarized in
A: Diffusion Distortion u* B: Jump Distortion 6* C: Portfolio Choice 7*
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Figure B.3: Impact of jump size

This figure plots optimal distortions and portfolios at z = 0. The time horizon is T=100 years, and the parameters used are

summarized in

Additionally, we can modify the jump intensity or size to examine the impact of jumps. An increase
in jump intensity or size results in greater jump risk and a reduction in subjective expected return.
Consequently, the agent holds fewer positions in the risky asset, as illustrated in Panel C of both[Figure B.2]
and[Figure B.3] Itis also evident that jump risk influences not only jump belief but also diffusion belief over
time. In the agent assigns a larger penalty to model uncertainty as jump intensity increases.
In|Figure B.3| when the jump size is larger, the agent under-reacts to diffusion risk and over-reacts to jump

risk. Both cases conform to the same arguments presented in the state dependence section.
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Table B.1: Sensitivity Estimation

Model Estimation

State-dependent 11.846

(0.002)
State-independent (n = 1) 10.753
Jump-Diffusion 15.844
Merton 19.580
Giglio et al., 2021 1.164

(0.061)

The regression for state-dependent case is based on the simulated data in the fifth year, with T = 30 years. The parameters used
for all four cases are summarized in[lable 3

Giglio et al., 2021|finds a relatively small sensitivity of equity share in investors’ holding to shocks in
expectations from survey data. Using simulated data based on our model, we estimate the sensitivity 3 of

equity shares to expected excess return,
EquityShare, , = a + B(E;[R] — Ry) + ¢ (B.1)

where intercept o should be zero under the rational expectation framework. To compare with the
cross-sectional result in Giglio et al., 2021), we take the simulated panel data at fifth year to estimated
the sensitivity, allowing agents’ sentiments generating diversified dynamics. From [Table B.1} one can
observe that increase in the subjective expected return will bring less impact on the portfolio in our model,
compared with jump-diffusion or Merton model, while being larger than Giglio et al., 2021]s 1.164, for
samples with expected returns around 5%. In Merton model, 5 corresponds to 7%, where stock volatility
o is fixed at 15.98% in our simulation setting. In other model settings, investors implicitly have higher risk
aversion levels, which causes less sensitive demand. Two main factors drive risk aversion to increase: first
is jump risk, which can be observed by comparing (3 in jump-diffusion and the Merton model. Even though
the jump is compensated, an additional risk source will make investors more risk-averse. A novel factor
in this paper is model uncertainty. With robustness concerned, a pessimistic investor distorts her belief
away from baseline belief, leading to a higher effective risk aversion level v°T. Besides, investors with
state-independent penalty tend to have smaller risk aversion than state-dependent ones, as the simulated

sentiment variable = has positive drift and state-dependent investors tend to be less pessimistic.
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C Special casen =1

When n = 1, the value function is independent of the state varible x. Consider the jump intensity

uncertainty only, the HIB equation becomes

., 0 0 . _ - ) 1 A
0 :S}r}?lel’luf 1 if’y + mcl 'Ye f +7r — C — 1 — + (2®Du?+ @—J((1+6t)10g(1 +0t) — gt))
- A(1+0
+m (=1 —ou+ ) — %WEUQ + %EB (1 —m ) ™7 = 1]
(C.1)
F.O.C. gives
U . Uy = Opomy (C.2)
1 1 _
0,:0=—1log(1+6;) + —— {E* [(1 —mJ)' ] — 1} (C.3)
@J 1-— Y
T+ AN —r=(y+0p)mo® + AN(1+6,)EP [(1 —m )" Ji] (C.4)

As we see from the numerical result in 0, will not converge to 7 = 1 case when T' = 100.
To see the dependency between 6 and 7, we can assume after 7, state variable x doesn’t change and stays
at 0. For n # 1, the first-order condition (38) becomes
1 (1+6,)"7" -1

_ 1 B _ 1-v7
0=g; p— +1_7{E (=7 J;) 7] =1} (C.5)

If 7, u converge to the same values as 77 = 1, by first-order conditions for different 7, we have

(1 +(97)77_1 —1
n—1

=log (1+6,) (C.6)

where optimal 6, depends on the value of 7.
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D Numerical algorithm

In this section, we present numerical framework to solve the HIB equations in Proposition 4{ with the
finite difference method. Here, the jump size .J is treated as a random variable. In implications part, J is
specified as a constant level.

First, discretize x from x,;, to Ty, With equal spaced grid size Ax, and discretize ¢ from 0 to T’
with equal spaced grid size At. The function f associated with HIB is evaluated on grid point
(mAz,nAt). Take z(m) = xpi, + mAxz and t(n) = nAtform =1,...,M andn =0, ..., N, denote

f(m,n) = f(z(m),t(n)).

We define
It = EB [(1 — Wtjt>1_7:| = / (1 — 7'1'15¢]75)1_7 V(dJ) (Dl)
R
L=E°[(1-mdy) " J] = / (1 — 7 dy) " Jw(dJ) (D.2)
R

and approximate f (z(m) —In (1 + 6(m,n)),t(n)) — f (m,n) by

Afpigmn+1)=fm—kn+Dw+ f(m—k—1,n+ 1)1 —w)— f(m,n) (D.3)

where w = (Hl)M*X‘ng(m’")) if In(1 4 0(m,n)) € [kAz, (k + 1)Az].

Discretization of HIB is

_fm,n+1) = f(m,n) 1, fm+1,n)+ f(m—1,n) —2f(m,n)
0= A7 +3u (m,n)[ (AP
(@ fmn 1) -y T L) S L)

f A L) SO =L [y o, m)ouim, ) + 70, )]
% 7%f(m,n 1) . 1—n)z(m L 2 i(l +9<m7n>>n —1 —n@(m,n)
+dte 4 (1= y)eltmmelm) (2@[)“ (m,n) + g~ n(n—1) )

+ (1 +60(m,n))A [eAfm“(m’”H) I(m,n) —1]

+(L=7) [r+m(m,n) (p—r—oulm,n)+J) — %’}/OZW(m, n)Z}

47



Rearrange the above equation, we obtain

(1 + (m n)) f(m,n) =
{%u2 t) + Qi (Ouf(myn+1)— 1)} + 22—2; [(1 —y)m(m,n)ou(m,n) + \0(m, n)] } f(m+1,n)
+ {2 (m )[(AA;)Q ﬁj(axf(m,n +1)— 1)} - 22—2; [(1 — y)w(m,n)ou(m,n) + \0(m, n)] } f(m—1,n)

+f(m,n+1)+ At{'y(%e ) 54 (1 4+ 6(m,n))A [eAfmid(m’"“) - I(m,n) —1]

+(1—7) [T + m(m,n) (u —r —ou(m,n) + )\j) — %’}/O'QW(m, n)Z}

1 A (1+60(m,n))"—1— n@(m,n)) }

20p

u?(m,n) +

4 (1 — ~)ed-matm) < A
( ) O n(n—1)

where 0(m,n), 7(m,n),u(m,n) are calculated via F.O.Cs (37), (38) and (39) at time n + 1. In code,

(0(m,n), m(m,n)) are solved by minimizing an objective function, refer to (D.I). The terminal condition

is f(m,N) = loge.
At the boundary, we deiscretization of ODE @T)) at m = 0 or M,

f(m,n+1)— f(m,n)

L _Llitmn T T T 1 r
= Al Frdme 0 4 (1 =) {r e (5= — o+ AT)} = 511 =)o (")
1 A (1+06%)"—1—not
+ (1 — ~)elt=ma(m) 2 — 5+ X1+ 6T [I(m,n) —1

Rearrange the above equation, we obtain

f(m,n) = f(m,n+1) —|—At{ — 5+ (1—7) {7’+7rfr (n—r—ou™+AJ) — %702 (wfr)zl

- 1 2 A (L+6M) — 1 — ot
(] =~ )etmmam) (_ Wy 2
(=) 20p () 0, n(n—1)

+ ’7(5%6_%11(7”’”) +A(1+6") [I(m,n) —1] }

Solve 6, 7" 4™ by F.O.Cs with the root finding algorithm similar to [Table D.1
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Table D.1

Algorithm for solving First-order conditions

1.

Given initial 7°4(m, n) and 6°4(m, n), calculate:
I(m,n) =S40 (1= w(m,n)Jp) v (J) AT,  I'(m,n) =302t (1 =7 (m,n) Ji) Jpv (Ji) AJ
and A fiia(m,n + 1) in (D.3).

. Update 7(m, n) and #(m,n) with the values that minimize sum of squares of first-order

conditions (39) and (38), where u(m, n) substituted by 7(m, n) using (37).

. Update I(m,n), I'(m,n), and A fria(m,n + 1) with 7% (m, n) and 6"V (m, n).
. Return to the second step until convergence or max iteration is met.

. Calculate u(m, n) via the first-order condition (37).
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